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A b s t r a c t 
W e d i scus s t h e e v o l u t i o n of a t s m a l l cc, e m p h a s i z i n g t h e u n c e r t a i n t i e s r e l a t e d t o e x p a n s i o n , 
fitting, r e n o r m a l i z a t i o n a n d f a c t o r i z a t i o n s c h e m e d e p e n d e n c e . 
R e s u m e 
N o u s e t u d i o n s r e v o l u t i o n d e F\ a p e t i t s x, en i n s i s t a n t s u r l a m a n i e r e d o n t elle d e p e n d d u c h o i x 
d e s s c h e m a s d e d e v e l o p p e m e n t , d ' a j u s t e m e n t , d e r e n o r m a l i s a t i o n e t d e f a c t o r i s a t i o n . 
I t is n o w well e s t a b l i s h e d [ 1 ] t h a t t h e b e h a v i o u r of 
i<2 i n t h e r e g i o n of s m a l l x a n d l a r g e Q2 a c c e s s e d b y 
t h e H E R A e x p e r i m e n t s [ 2 ] p r o v i d e s a c o n f i r m a t i o n of 
t h e d o u b l e sca l ing b e h a v i o u r [3] p r e d i c t e d a s y m p t o t i c a l l y 
in p e r t u r b a t i v e Q C D [ 4 ] . A s t h e e x p e r i m e n t a l a c c u r a c y 
i m p r o v e s , i t is n o w p o s s i b l e t o t e s t t h e t h e o r y b e y o n d 
t h i s s i m p l e l e a d i n g o r d e r p r e d i c t i o n , b y c o m p a r i n g 
t h e d a t a t o a full n e x t - t o - l e a d i n g o r d e r ( N L O ) 
d e t e r m i n a t i o n of t h e x a n d Q2 d e p e n d e n c e of F2. T h i s , 
h o w e v e r , r e q u i r e s a s t u d y of t h e r e n o r m a l i z a t i o n a n d 
f a c t o r i z a t i o n s c h e m e d e p e n d e n c e w h i c h c h a r a c t e r i z e s 
p e r t u r b a t i v e c o m p u t a t i o n s , a n d w h i c h a t s m a l l x 
b e c o m e p a r t i c u l a r l y s ign i f i can t , d u e t o t h e g r o w t h 
of a n o m a l o u s d i m e n s i o n s a n d coefficient f u n c t i o n s . 
M o r e o v e r , t h e p r e s e n c e in t h e p r o b l e m of t w o l a r g e sca les 
(Q2 a n d s — Q2(l — x)/x) r e q u i r e s t h e choice of a n 
e x p a n s i o n s c h e m e w h i c h s u m s u p al l t h e a p p r o p r i a t e 
l e a d i n g ( a n d s u b l e a d i n g ) l o g a r i t h m s . H e r e we assess t h e 
size of t h e s e a m b i g u i t i e s a n d in p a r t i c u l a r d i s c u s s h o w 
t h e y affect t h e c o m p u t a t i o n of F2 a n d , converse ly , t h e 
e x t r a c t i o n f r o m F2 of i n f o r m a t i o n o n t h e f o r m of p a r t o n 
d i s t r i b u t i o n s a t s m a l l x. 
* Talk given (by S.F.) in the session on Proton Structure at the 
Workshop on Deep Inelastic scattering and QCD, Paris, April 
1995. 
a
 On leave from INFN, Sezione di Torino, Italy 
b
 On leave from a Royal Society University Research Fellowship 
D e t e r m i n i n g t h e e v o l u t i o n of s t r u c t u r e f u n c t i o n s 
b y s o l u t i o n of t h e r e n o r m a l i z a t i o n g r o u p e q u a t i o n s in 
l e a d i n g o r d e r c o r r e s p o n d s t o s u m m i n g al l l ogs of t h e 
f o r m a ? ( l o g Q2)*(log \ ) T w i t h p = q a n d 0 < r < p\ 
d o u b l e s ca l ing is a c o n s e q u e n c e of t h e d o m i n a n c e a t 
s m a l l x o f t h e c o n t r i b u t i o n s w i t h r = p = g, i .e . , s u c h 
t h a t t h e t w o l a r g e logs a r e t r e a t e d s y m m e t r i c a l l y . I t is in 
fac t poss ib le [5] t o r e o r g a n i z e t h e p e r t u r b a t i v e e x p a n s i o n 
in s u c h a w a y t h a t t h e full L O c o n t r i b u t i o n t o a n o m a l o u s 
d i m e n s i o n s t r e a t s t h e t w o logs s y m m e t r i c a l l y , i .e . s u c h 
t h a t in L O e a c h p o w e r of as is a c c o m p a n i e d b y e i t h e r of 
t h e t w o logs ( t h a t is , s u c h t h a t l < g < p , 0 < r < p , 1 < 
p < q + r ) . T h i s e x p a n s i o n s c h e m e ( t h e d o u b l e l e a d i n g 
s c h e m e ) c a n t h e n b e e x t e n d e d t o N L O a n d b e y o n d . 
W i t h i n a n y g i v e n s c h e m e t h e s t r u c t u r e f u n c t i o n s a r e 
e x p r e s s e d a s p o w e r ser ies i n aS) e v e n t h o u g h so lv ing 
t h e r e n o r m a l i z a t i o n g r o u p e q u a t i o n s s u m s c o n t r i b u t i o n s 
i n v o l v i n g l a r g e l o g a r i t h m s t o a l l o r d e r s in a s . 
C o n s i s t e n t s o l u t i o n of t h e e v o l u t i o n e q u a t i o n s in a n y 
specif ied e x p a n s i o n s c h e m e a n d t o a g iven o r d e r is t h e n 
( a t l e a s t in p r i n c i p l e ) a l w a y s p o s s i b l e . I n p r a c t i c e , t h e 
a n o m a l o u s d i m e n s i o n s a r e k n o w n t h r o u g h t h e i r L a u r e n t 
e x p a n s i o n in N. Al l t h e L O coeff icients of t h i s e x p a n s i o n 
a r e k n o w n for t h e 2 x 2 m a t r i x of s ing le t a n o m a l o u s 
d i m e n s i o n s [ 6 ] , b u t t h e N L O coeff ic ients of t h e s i n g u l a r 
t e r m s in N a r e o n l y k n o w n for jjf a n d 7 J y [ 7 ] ; t h e 
c o r r e s p o n d i n g coefficients in 7 ^ a n d 7 ^ c a n h o w e v e r 
b e fixed b y r e q u i r i n g m o m e n t u m c o n s e r v a t i o n [ 8 ] . W e 
will h e n c e f o r t h c o n s i d e r N L O c o m p u t a t i o n s in t h e 
d o u b l e - l e a d i n g s c h e m e . } M o r e specif ical ly p e r t u r b a t i v e 
e v o l u t i o n is p e r f o r m e d i n t h e u s u a l l o o p e x p a n s i o n 
s c h e m e d o w n t o a c e r t a i n #o> a n d t h e n t h e d o u b l e -
l e a d i n g s c h e m e u s e d b e l o w i t . T h e v a l u e of t h e 
p a r a m e t e r XQ c a n o n l y b e d e t e r m i n e d b y c o m p a r i s o n t o 
e x p e r i m e n t . H e r e w e will c o n s i d e r t w o e x t r e m e d o u b l e -
l e a d i n g N L O s c e n a r i o s , n a m e l y xo s m a l l e r t h a n a n y 
v a l u e of x c o v e r e d b y t h e H E R A d a t a , ( i .e . , i n p r a c t i c e , 
xo = 0 or o r d i n a r y t w o - l o o p e v o l u t i o n ) , a n d xo = 0 . 1 . 
O n c e xo is fixed, r e n o r m a l i z a t i o n a n d f a c t o r i z a t i o n 
s c h e m e s st i l l h a v e t o b e specif ied in o r d e r t o p e r f o r m 
N L O c o m p u t a t i o n s . W i t h o u t loss of g e n e r a l i t y t h e 
r e n o r m a l i z a t i o n s c h e m e will b e c h o s e n t o b e MS: 
o t h e r r e n o r m a l i z a t i o n s c h e m e s t h e n c o r r e s p o n d s i m p l y 
t o a c h a n g e of r e n o r m a l i z a t i o n sca le . T h e cho ice of 
f a c t o r i z a t i o n s c h e m e is m o r e c o m p l e x . F i r s t l y , we h a v e 
a choice b e t w e e n s c h e m e s in w h i c h t o al l o r d e r s F2 is 
d i r ec t l y p r o p o r t i o n a l t o t h e q u a r k d i s t r i b u t i o n ( p a r t o n 
s c h e m e s , s u c h a s t h e D I S s c h e m e ) , a n d s c h e m e s w h e r e 
( s t a r t i n g a t N L O ) F2 r ece ives a g l u o n c o n t r i b u t i o n 
( such as t h e MS s c h e m e ) . F u r t h e r m o r e , in p a r t o n 
s c h e m e s t h e coeff icients of N L O s i n g u l a r c o n t r i b u t i o n s 
t o t h e s ing le t a n o m a l o u s d i m e n s i o n s a l so d e p e n d o n 
t h e choice of f a c t o r i z a t i o n s c h e m e : w h e n c o m p u t e d in 
t h e D I S scheme[7 ] t h e y c o n t a i n a p r o c e s s - i n d e p e n d e n t 
s i n g u l a r i t y in t h e q u a r k s e c t o r , w h i c h is r e m o v e d if ofF-
shel l f a c t o r i z a t i o n is u s e d i n s t e a d ( Q o D I S s c h e m e ) [ 1 0 ] . 
I t is even p o s s i b l e t o se t t h e N L O s i n g u l a r i t i e s i n 
t h e q u a r k s e c t o r t o z e r o , t h e r e b y f a c t o r i z i n g t h e 
e n t i r e s i n g u l a r i t y i n t o t h e s t a r t i n g d i s t r i b u t i o n ( S D I S 
scheme) [11 ] . f C o r r e s p o n d i n g MS s c h e m e s m a y b e 
c o n s t r u c t e d b y i n s i s t i n g t h a t t h e a n o m a l o u s d i m e n s i o n s 
b e t h e s a m e a s t h o s e in t h e s t a n d a r d MS s c h e m e [7], b u t 
w i t h t h e coeff icients b e i n g a d j u s t e d a c c o r d i n g l y (so t h a t 
in p a r t i c u l a r in Q o M S s c h e m e t h e p r o c e s s - i n d e p e n d e n t 
s i n g u l a r i t y is r e m o v e d f r o m t h e coefficient f u n c t i o n ) . 
F ina l ly , t h e r e is s t i l l a n a m b i g u i t y in t h e de f in i t ion 
of t h e i n i t i a l p a r t o n d i s t r i b u t i o n s ( a ' f i t t i ng s c h e m e ' 
a m b i g u i t y ) , r e l a t e d t o t h e f ac t t h a t t h e s e c a n b e fitted 
in a p a r t o n s c h e m e or in a n MS s c h e m e r e g a r d l e s s of 
w h i c h s c h e m e is c h o s e n t o evo lve . Bes ide s p r o v i d i n g 
i n f o r m a t i o n o n t h e d e p e n d e n c e of t h e r e s u l t s for F2 o n 
t h e specific cho ice of p a r t o n p a r a m e t r i z a t i o n , v a r y i n g 
t h e fitting s c h e m e d e m o n s t r a t e s t h e i m p l i c i t s c h e m e 
d e p e n d e n c e of t h e fitted p a r a m e t e r s . 
( Notice that this is not quite the same as the approach of ref. [9], 
where the higher order singularities are simply added to the 
one and two loop anomalous dimensions: in the double-leading 
expansion all the NLO terms may be treated consistently, by 
linearizing them in order to avoid spurious sub-subleading terms, 
t It turns out that in the HERA region the results obtained in the 
SDIS scheme are essentially identical to those found by ordinary 
two loop evolution[8]. 
Table 1. Fitted parameters for: a) xo = 0; b) xo = 0.1, Qo 
factorization; c) XQ — 0.1, standard factorization. In each case 
the four entries correspond respectively to DIS distributions 
(DIS and M S evolution); MS distributions (DIS and M S 
evolution). The two entries d) show the effect on the first and 
fourth entry of the table of varying the renormalization scale by 
a factor of two either side. 
T h e r e s u l t s of fitting F2 t o H E R A d a t a [2] a r e 
s u m m a r i z e d i n t h e t a b l e a n d d i s p l a y e d i n t h e figure.J 
T h e free p a r a m e t e r s a r e t h e n o r m a l i z a t i o n s of t h e t w o 
d a t a s e t s a n d t h e s m a l l - # e x p o n e n t s of t h e q u a r k a n d 
g l u o n d i s t r i b u t i o n s , w h i c h b e h a v e a s xx a s x —• 0; 
t h e r e s u l t i n g % 2 (for 120 d.f . ) is a l so g iven . Al l fits 
a r e p e r f o r m e d w i t h as(Mz) = 0 .120[8] ; i n i t i a l p a r t o n 
d i s t r i b u t i o n s a r e g iven a t 2 G e V for t h e XQ = 0 fits a n d 
3 G e V for x0 = 0.1.§ 
T h e r e s u l t s c a n b e s u m m a r i z e d a s fol lows: a ) 
W h e r e a s t h e i n c l u s i o n of t w o l o o p c o r r e c t i o n s i m p r o v e s 
s ign i f i can t ly t h e a g r e e m e n t of F2 w i t h t h e d a t a , go ing 
over t o t h e d o u b l e l e a d i n g s c h e m e h a s v e r y l i t t l e effect, 
b ) C o n s e q u e n t l y , t h e d a t a c a n n o t y e t fix t h e va lue 
of # 0 , h o w e v e r if xo is a s l a r g e a s 0 .1 t h e y f a v o u r 
Q o f a c t o r i z a t i o n over t h e s t a n d a r d o n e . c) I n g e n e r a l 
b o t h t h e r e l a t i v e a n d a b s o l u t e sizes of A g , Xg d e p e n d 
s t r o n g l y o n e x p a n s i o n , fitting, r e n o r m a l i z a t i o n a n d 
f a c t o r i z a t i o n s c h e m e s . I n p a r t i c u l a r if xo = 0 in MS 
fitting Xq ~ A^ ( w i t h i n e r r o r s ) , b u t in D I S fitting 
Xq < Xg; w h i l e if xo = 0 .1 i n MS fitting Xq > Xg, 
b u t in D I S fitting A^ ~ Xg.\\ T h e e x c e p t i o n is t h a t 
X The corresponding results of ref. [8] are determined by using a 
slightly different treatment of thresholds: here continuity of F2 is 
imposed (continuity of DIS distributions) whereas there continuity 
of the MS parton distributions was required instead. The slight 
variation of the results gives a feeling for the corresponding 
uncertainty. 
§ The starting scale should also be treated as a free parameter; 
it turns out however that a good fit can be obtained within quite 
a wide range of values of Qo, the resulting values of A being 
decreasing functions of Qo. 
|| This seems to disagree with ref. [12] where (on the basis of an 
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Figure 1. Scaling plots corresponding to double scaling (dotted); two loops (double leading with a?o = 0) MS or 
DIS (solid); double leading MS (dot dash), Q 0 M 5 (double-dot dash), Q 0 DIS (long dashes), DIS (short dashes). 
The double scaling curve is from ref.[3], the other curves correspond to entries denoted by * in the table. 
\ q w h e n f i t t ed in D I S is i n d e p e n d e n t of e x p a n s i o n , 
r e n o r m a l i z a t i o n a n d f a c t o r i z a t i o n s c h e m e , s ince i t is 
d i r ec t l y r e l a t e d t o t h e s m a l l - x b e h a v i o u r of a p h y s i c a l 
o b s e r v a b l e , i ^ - d ) T h e s c h e m e d e p e n d e n c e of XG is 
l ea s t severe in QQ f a c t o r i z a t i o n , w h e r e t h e g l u o n is 
g e n e r a l l y r a t h e r f la t . T h i s p r o v i d e s p h e n o m e n o l o g i c a l 
s u p p o r t t o t h e t h e o r e t i c a l e x p e c t a t i o n [ 1 0 ] t h a t t h e i n p u t 
t o p e r t u r b a t i v e e v o l u t i o n is of m o r e d i r e c t p h y s i c a l 
s igni f icance in t h i s s c h e m e . f e) W h e r e a s a t f ixed 
s t a r t i n g scale s c h e m e s w i t h l a r g e r x0 t e n d t o h a v e 
s o m e w h a t s m a l l e r v a l u e s of A ( i .e . less s i n g u l a r 
i n p u t s ) t h e m a i n effect of g o i n g over t o t h e d o u b l e 
l e a d i n g s c h e m e is t o r e d u c e t h e s e n s i t i v i t y t o t h e 
s t a r t i n g d i s t r i b u t i o n : d o u b l e s ca l ing t h e n r e s u l t s f r o m 
a r a t h e r w i d e r a n g e of b o u n d a r y c o n d i t i o n s . f) 
Conve r se ly , t h e r e is a v e r y l a r g e s c h e m e d e p e n d e n c e 
a t l a r g e p ( i .e . c lose t o t h e b o u n d a r y of p e r t u r b a t i v e 
e v o l u t i o n ) w h i c h m a y s i g n a l a b r e a k d o w n of l e a d i n g -
t w i s t p e r t u r b a t i v e c a l c u l a t i o n s t h e r e . T h i s m a k e s 
a p e r t u r b a t i v e r e c o n s t r u c t i o n of t h e i n p u t p a r t o n 
d i s t r i b u t i o n ( a n d in p a r t i c u l a r t h e i n p u t g l u o n ) f r o m 
a m e a s u r e m e n t of t h e evo lved s t r u c t u r e f u n c t i o n v e r y 
difficult . W h i c h is a s i t s h o u l d b e : e v o l v i n g t o 
s m a l l e r x a n d / o r lower Q2 l e a d s o n e e v e n t u a l l y i n t o 
t h e i n t r i n s i ca l l y n o n p e r t u r b a t i v e r e g i o n . g ) D i r e c t 
m e a s u r e m e n t s of F2 a t l a r g e r v a l u e s of p m a y h e l p 
t o r e d u c e t h i s a m b i g u i t y (o r a t l e a s t p o s t p o n e i t t o 
ye t l a r g e r va lues of p) b y p u t t i n g c o n s t r a i n t s o n x0. 
MS calculation at two loops) it is claimed that Xg is significantly 
smaller than Xq: it also suggests that some of the assumptions 
made in the discussion of the relative size of Xq and Xg in ref.[ll] 
are incorrect. 
% The "initial Pomeron" reconstructed from the best-fit initial 
gluon distribution according to ref.[lO] appears then to be soft. 
H o w e v e r , if t h e n e w d a t a d e v i a t e s t r o n g l y f r o m t h e t w o 
l o o p c u r v e t h i s m i g h t s u g g e s t a b r e a k d o w n of l e a d i n g 
t w i s t p e r t u r b a t i o n t h e o r y in t h i s r e g i o n . 
F i n a l l y we n o t e t h a t w h e n t h e p h y s i c a l p a r a m e t e r as 
is a l so i n c l u d e d i n t h e fit, i t s v a l u e t u r n s o u t t o b e l a rge ly 
i n s e n s i t i v e t o a l l of t h e s e s c h e m e a m b i g u i t i e s , t h e r e b y 
a l l o w i n g a d e t e r m i n a t i o n of i t f r o m s m a l l - # s t r u c t u r e 
f u n c t i o n d a t a a l o n e [8]. 
A c k n o w l e d g e m e n t s : S . F . t h a n k s G . Al t a re l l i , 
S. C a t a n i , A . C o o p e r - S a r k a r , F . H a u t m a n n , A . M a r t i n , 
R . G . R o b e r t s a n d A . V o g t for i n t e r e s t i n g d i s cus s ions 
d u r i n g t h e c o n f e r e n c e . 
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